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Distributed fusion architectures are often used in multi-sensor

target tracking as they are more robust and more flexible than

centralized architectures. Furthermore, they allow for a reduction

in the required communication bandwidth with only limited effect

on the estimation performance. The trade-off between bandwidth

and performance is analyzed in detail for the special case of a

decentralized Kalman filter. As a result of this study, a conservative

fusion approach for such systems with a reduced communication

rate is proposed.
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1. INTRODUCTION

In target tracking, multi-sensor systems are becom-
ing more and more popular [14]. The advantages es-
pecially for physically distributed sensors are obvious:
multiple viewing angles, different strong points of dif-
ferent sensors, and a higher robustness due to the inher-
ent redundancy. On the other hand, some kind of fusion
is necessary to integrate the data from the different sen-
sors and to extract the desired information about the
targets.
Traditionally, centralized fusion architectures have

been used as their application is straightforward. All the
data from the different sensors is sent to a single location
to be fused. In recent years, increasing emphasis has
been placed on distributed fusion where several fusion
nodes exist in the network, like e.g., the Decentralized
Kalman Filter (DKF) [11, 27], which is studied here,
but also the covariance method [2], the federated filter
[6, 7], a fusion system based on channel filters [23], and,
most recently, a unified framework for optimal linear
estimation fusion [16—21, 29].
As usual, the approaches based on Kalman filters

are thereby mainly restricted to the linear Gaussian case.
Furthermore, the unified framework is theoretically very
insightful. As detailed in [17], the required generalized
covariance matrix can, however, only be calculated ac-
curately for some special cases. In many cases, it needs
to be approximated numerically or even manually tuned.
Finally, even if the covariance matrix can be determined
accurately, this need not necessarily be possible in a
recursive way so that no recursive estimator can be de-
signed [16].
In a distributed fusion system, the sensor measure-

ments are processed locally to produce state estimates,
which are then transmitted between the fusion nodes.
This approach is conceptually more complex as, even
for statistically independent measurements, the local
state estimates are correlated in time and among each
other. In contrast to centralized fusion, there is also
the danger of reusing information. Common informa-
tion has to be detected and discarded in the fusion
process. Additionally, the task of data association in
tracking multiple targets, which is already difficult and
still an active area of research for centralized archi-
tectures [4], becomes even more complex in the dis-
tributed case where only parts of the data are available
at each fusion node. Finally, distributed fusion can even
be inherently suboptimal [18]. A sufficient condition
for distributed fusion to be optimal, however, is that
the measurement noises are uncorrelated, which is of-
ten at least approximately given in real world scenar-
ios.
On the other hand, the advantages of such distributed

fusion architectures are a higher robustness due to a re-
dundancy of fusion nodes and a lower processing load
at each fusion node. It is also easier to integrate or scale
existing systems. Therefore, distributed fusion is espe-
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cially advantageous for large scale systems with many
sensors. For such a system, another problem typically
consists in only a limited amount of communication
bandwidth being available. In this case, distributed fu-
sion opens up the possibility to trade off bandwidth
against performance by letting the fusion nodes com-
municate at reduced rates.
In [8, 12, 22], it was already pointed out that, if the

communication rate is reduced, the information con-
veyed by the different local processors becomes cor-
related due to propagating the same underlying pro-
cess noise. However, no quantitative measures for the
amount of performance degradation were given. In [10],
formulas describing the steady state performance of a
DKF for arbitrary communication rates were derived
and compared with simulative results for a linear system
with two sensors and a nearly constant velocity model
for the target dynamics. In our work, a simple formula
for the performance degradation in the worst case of
ignoring the correlation completely is derived. Its eval-
uation is straightforward compared with the solution of
the asymmetric Lyapunov equation in [10]. As it repre-
sents the worst case, this analysis can be used to turn the
too optimistic estimates of a system with reduced com-
munication rate into conservative ones. Furthermore, the
simulative study is extended to a nearly constant accel-
eration model, which results in some further insights.
The rest of this paper is organized as follows: The

Decentralized Kalman Filter (DKF) is introduced in
Section 2. In Section 3, the bandwidth requirements of
centralized and distributed fusion architectures are com-
pared with each other. The possibility for a reduction in
communication rate is detailed in Section 4, and the re-
sulting performance analyzed in Section 5. Based on the
results, a new conservative fusion approach is proposed
in Section 6. Finally, Section 7 recapitulates the most
important findings.

2. DECENTRALIZED KALMAN FILTER

For a Kalman Filter (KF) to be applicable, the tar-
get’s dynamics need to be modeled by the following
state space equation

x(k+1) = Fx(k) +w(k) (1)

where x(k) is the state vector of the target at time in-
stant k, typically containing the target position, velocity
etc. F is the time-invariant state transition matrix and
w(k) a white noise sequence with covariance matrix
Q(k) representing the process noise. The state transition
matrix F could just as well be time-variant for a KF.
As this is not the case for the models studied later, it is
omitted here.
Respectively, the linear measurement models are

given by
yi(k) =Hix(k) + vi(k) (2)

where yi(k) is the observation vector of the ith sensor,
i= 1, : : : ,N. Hi is the corresponding measurement ma-
trix and vi(k) a zero-mean, white noise sequence with
covariance matrix Ri(k) representing the measurement
noise. To avoid stability issues [28], we assume for sim-
plicity that every sensor is able to measure the complete
position of the target and, thus, that the system is fully
observable. Furthermore, only one easily detectable tar-
get shall be present in the scene without any clutter so
that the task of data association is trivial.
According to these model equations, the Centralized

KF (CKF) algorithm with multiple inputs in its infor-
mation form can be described as recursively performing
the following two steps to calculate the overall state esti-
mate x̂CKF(k j k) and error covariance matrix PCKF(k j k)
at time instant k [3]:

1. Prediction

x̂CKF(k j k¡ 1) = Fx̂CKF(k¡ 1 j k¡ 1) (3)

PCKF(k j k¡ 1) = FPCKF(k¡ 1 j k¡ 1)FT+Q(k¡ 1):
(4)

2. Estimate correction

x̂CKF(k j k) = PCKF(k j k)
Ã
P¡1CKF(k j k¡1)x̂CKF(k j k¡1)

+
NX
i=1

HTi R
¡1
i (k)yi(k)

!
(5)

P¡1CKF(k j k) = P¡1CKF(k j k¡ 1)+
NX
i=1

HTi R
¡1
i (k)Hi: (6)

This is called the information form as the inverse of
the covariance matrix P¡1 is a measure for the accuracy
of the corresponding state estimate x̂ and thus for the
information contained in it. Accordingly, P¡1(k j k¡ 1)
determines the weight given to x̂(k j k¡1) in (5).
In the Decentralized KF (DKF), Local Kalman Fil-

ters (LKFs) produce estimates x̂i(k j k) based on the in-
formation available from a single sensor i using the stan-
dard KF equations, i.e., (3)—(6) with N = 1. At a Fusion
Center (FC), these estimates are fused together to form
the overall state estimate x̂DKF(k j k) [22]:

x̂DKF(k j k) = PDKF(k j k)
Ã
P¡1DKF(k j k¡1)x̂DKF(k j k¡1)

+
NX
i=1

[P¡1i (k j k)x̂i(k j k)

¡P¡1i (k j k¡ 1)x̂i(k j k¡1)]
!
(7)

P¡1DKF(k j k) = P¡1DKF(k j k¡ 1)

+
NX
i=1

[P¡1i (k j k)¡P¡1i (k j k¡ 1)] (8)
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where PDKF and Pi are the error covariance matrices of
the state estimates x̂DKF at the FC and x̂i at the LKFs,
respectively.
The state estimate x̂DKF(k j k) in (7) can easily be

shown to be equivalent to x̂CKF(k j k) in (5): Solving (5)
in the single sensor case, i.e., N = 1, for the weighted
measurement HTi R

¡1
i (k)yi(k) leads to the equivalence

between HTi R
¡1
i (k)yi(k) in (5) and the gain in informa-

tion between the predicted local estimates x̂i(k j k¡ 1)
and the corrected ones x̂i(k j k) in (7)

HTi R
¡1
i (k)yi(k) = P

¡1
i (k j k)x̂i(k j k)
¡P¡1i (k j k¡ 1)x̂i(k j k¡1): (9)

Therefore, it is not the information contained in the
local estimates itself but the gain in information that
counts.

3. BANDWIDTH REQUIREMENTS

Looking at (7) and (8), it is sensible to save band-
width in a DKF by directly transmitting the vector1

¢x̂weighted,i(k) := P
¡1
i (k j k)x̂i(k j k)
¡P¡1i (k j k¡1)x̂i(k j k¡ 1) (10)

and the matrix

¢Ii(k) := P
¡1
i (k j k)¡P¡1i (k j k¡ 1) (11)

instead of P¡1i (k j k), x̂i(k j k), P¡1i (k j k¡ 1) and x̂i(k j
k¡ 1). This not only saves half of the communication
bandwidth but also processing power at the FC.
Despite these savings, the bandwidth required by a

distributed fusion network may still be higher compared
with a centralized architecture, as the information pack-
ages are usually larger due to the state vector being of a
higher dimension than the measurement vector. On the
other hand, mislocalizations due to clutter are filtered
out locally and need not be transmitted. Furthermore,
many sensors do not provide position measurements of
the object directly but merely scan the scene, like e.g.,
laser-radars. In this case, the bandwidth requirements
would increase dramatically if the measurements were
not preprocessed locally and, thus, a distributed fusion
architecture lends itself naturally.
For a large system with many sensors, it is also likely

that the central processor or the communication network
are not able to handle the large amount of data trans-
mitted by the sensors. In this case, centralized fusion is
no longer applicable except if a corresponding amount
of measurements is discarded completely. This is, how-
ever, likely to affect the estimation performance severely
if no smart communications resource management tech-
niques are applied [24]. In this case, distributed fusion
opens up the possibility to distribute the processing load

1“x := : : :” means “x is defined as : : :”.

and to save the necessary bandwidth by letting the fu-
sion nodes communicate less frequently.
Additionally, solar and battery powered sensors

without wiring have become popular recently as they
are easy to install [5, 13]. Due to their limited energy re-
sources, it is important to save transmission energy even
if sufficient bandwidth is available. The economical us-
age of transmission energy will become even more im-
portant in the future as the performance of microproces-
sors increases continuously according to Moore’s law so
that they need less and less energy for the same task.
The energy needed for the transmission of the data is,
however, mostly unaffected by these improvements [5].
Finally, it is sensible to adapt the reduction in com-

munication rate to the movement of the tracked target.
If the object is stationary or if it moves with a nearly
constant velocity, its future state can be predicted more
reliably and the communication rate can be reduced fur-
ther than for a maneuvering target [9].

4. REDUCED COMMUNICATION RATE

As far as the DKF is concerned, reducing the com-
munication rate at which information packages are sent
from the LKFs to the FC by a factor m results in all
predictions by one step being replaced with predictions
by m steps in (7) and (8):

x̂DKFm(k j k) = PDKFm(k j k)Ã
P¡1DKFm(k j k¡m)x̂DKFm(k j k¡m)

+
NX
i=1

[P¡1i (k j k)x̂i(k j k)

¡P¡1i (k j k¡m)x̂i(k j k¡m)]
!
(12)

P¡1DKFm(k j k) = P¡1DKFm(k j k¡m)

+
NX
i=1

(P¡1i (k j k)¡P¡1i (k j k¡m)):

(13)

Any other communication issues are ignored for sim-
plicity. Like in Section 2, it is still assumed that all
sensors run synchronously and that information pack-
ages travel over communication links without any delay.
Furthermore, the update rate at the LKFs is not affected.
The LKFs still run at the sensor observation rate.
Unfortunately, if the predictions by one step are re-

placed by predictions by m steps, the gain in informa-
tion is no longer based on one measurement but on
m measurements and m¡ 1 predictions. As these m¡ 1
predictions are subject to the same process noise in all
LKFs, the gain in information of the different LKFs is
no longer statistically independent.
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As this statistical dependence is not taken into ac-
count during the fusion process in the FC, the perfor-
mance of the DKF degrades for such a reduced commu-
nication rate [10, 22]. On the other hand, if w(k)´ 0,
i.e., the target’s dynamics can be modeled exactly, the
local estimates x̂i(k j k) are not correlated and, therefore,
the communication rate can be reduced at will without
any performance degradation.
For less and less frequent communication between

the LKFs and the FC, i.e., m!1, the information
contained in the predicted state estimates becomes
less and less reliable. This is represented by the in-
verses of the corresponding error covariance matrices
P¡1DKF(k j k¡m) and P¡1i (k j k¡m) approaching zero.
Thus, no weight is given to these estimates and they
can be discarded in (12) and (13) leading to

x̂naïve(k j k) = Pnaïve(k j k)
NX
i=1

P¡1i (k j k)x̂i(k j k)

(14)

P¡1naïve(k j k) =
NX
i=1

P¡1i (k j k): (15)

This is equivalent to the so-called naïve fusion architec-
ture that assumes the local state estimates x̂i(k j k) and
x̂j(k j k) to be statistically independent for all i 6= j.
As a consequence, m!1 would result in a system

where infinite intervals lie between two communication
cycles so that no data would ever be transmitted. The
performance of this hypothetical system can, however,
readily be determined using the naïve fusion architec-
ture whose track estimate can be formed for every time
instant k, i.e., at the sensor observation rate.
From a different perspective, this somewhat aston-

ishing finding can be explained as follows: As already
stated, the local state estimates are statistically depen-
dent due to propagating the same underlying process
noise. This statistical dependence is properly corrected
for in the DKF of (7) and (8) by the term

XDKF(k j k¡ 1) := P¡1DKF(k j k¡ 1)x̂DKF(k j k¡ 1)

¡
NX
i=1

P¡1i (k j k¡1)x̂i(k j k¡1):

(16)

In the DKFm of (12) and (13), this term is approximated
by

XDKFm(k j k¡m) := P¡1DKFm(k j k¡m)x̂DKFm(k j k¡m)

¡
NX
i=1

P¡1i (k j k¡m)x̂i(k j k¡m)

(17)

and the DKFnaïve of (14) and (15) neglects the sta-
tistical dependence completely, i.e., XDKFnaïve (k j 0)´ 0.
Therefore, it can serve as a worst case scenario for

such a reduction in communication rate, i.e., the esti-
mate x̂naïve(k j k) in (14) is always less accurate than
x̂DKFm(k j k) in (12), for all values of m.
Finally, it should be noted that PDKF is a valid

estimate of the mean square error as it is an optimal
Kalman filter. This is, however, neither true for Pm
nor for Pnaïve (except for w(k)´ 0). As the DKFm and
the DKFnaïve ignore the correlation between the local
estimates at least partially, they overestimate their own
performance, i.e.,

Pnaïve · PDKFm · PDKF = EfX̃DKFX̃TDKFg
· EfX̃DKFmX̃TDKFmg · EfX̃naïveX̃Tnaïveg (18)

where x̃¤(k j k) = x̂¤(k j k)¡ x(k) and “A· B” means
that the difference B¡A is positive semidefinite. The
relationship in (18) is valid for “(k j k)” as well as
“(k j k¡ 1)”.
For complex systems containing several hierarchies

or even feedback loops, this inconsistency between
estimated and true error covariance matrix can build up
and cause stability problems. Furthermore, it may cause
problems during the association of the measurements to
the tracked objects.

5. PERFORMANCE ANALYSIS

In this section, the performance degradation due to
infrequent communication is investigated in detail. First,
the performance of the DKFnaïve defined by (14) and
(15) is derived theoretically. As detailed in Section 4, it
presents an upper bound on the performance degrada-
tion for a reduction in communication rate, as it ignores
the correlation between the local estimates completely.
Its performance is equivalent to a hypothetical system
where infinite intervals lie between two communication
cycles, i.e.,m!1. Second, the theoretical performance
degradation is compared with simulative results. Finally,
a simulative study concerning the performance of the
DKFm of (12) and (13) is conducted for realistic reduc-
tions in the communication rate m¿1.

5.1. Theoretical Analysis of DKFnaïve

The theoretical performance of the DKFnaïve defined
by (14) and (15) can be derived as follows. Introducing
x̃¤(k j k) = x̂¤(k j k)¡ x(k) in (14) leads to

P¡1naïve(k j k)x̃naïve(k j k)

=
NX
i=1

P¡1i (k j k)x̃i(k j k)

¡
"
P¡1naïve(k j k)¡

NX
i=1

P¡1i (k j k)
#
x(k): (19)

According to (15), the second term is zero. There-
fore, the true error covariance matrix Ptrue(k j k) :=
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Efx̃naïve(k j k)x̃Tnaïve(k j k)g of the DKFnaïve satisfies
P¡1naïve(k j k)Ptrue(k j k)P¡1naïve(k j k)

=
NX
i=1

Ã
P¡1i (k j k) +

NX
j=1j 6=i

P¡1i (k j k)§i,j(k j k)P¡1j (k j k)
!

(20)

where the cross-covariance §i,j(k j k) between two local
estimates x̂i(k j k) and x̂j(k j k) can be determined using
the following equation [1]

§i,j(k j k) = (I¡Ki(k)Hi) ¢ (F§i,j(k¡1 j k¡ 1)FT+Q)
¢ (I¡Kj(k)Hj)T: (21)

Ki(k) and Kj(k) denote the Kalman gains. Using (15)
once more, (20) becomes

Ptrue(k j k)
= Pnaïve(k j k)+Pnaïve(k j k)

¢
Ã

NX
i=1

NX
j=1j 6=i

P¡1i (k j k)§i,j(k j k)P¡1j (k j k)
!
Pnaïve(k j k):

(22)

Therefore, the inconsistency of (18) between the true
covariance matrix Ptrue = Efx̃naïve(k j k)x̃Tnaïve(k j k)g and
the estimated covariance matrix Pnaïve consists in the
term depending on the cross-covariance §i,j between
the local estimates.
The case of identical sensors, i.e., Pi(k j k) =

PLKF(k j k) 8i, also results in §i,j(k j k) =§j,i(k j k) =
§LKFs(k j k) 8i,j. Therefore, the true error covariance
matrix simplifies to

Ptrue(k j k) = Pnaïve(k j k) +N(N ¡ 1)Pnaïve(k j k)
¢P¡1LKF(k j k)§LKFs(k j k)P¡1LKF(k j k)Pnaïve(k j k)

= Pnaïve(k j k) +
N ¡ 1
N

§LKFs(k j k) (23)

as Pnaïve(k j k) = (1=N)PLKF(k j k).
The evaluation of (22) and (23) is straightforward

compared with the solution of the asymmetric Lyapunov
equation in [10] describing the steady state performance
of a DKF for arbitrary communication rates, as the
latter consists of several non-trivial systems of linear
equations. A further advantage consists in the fact that
the term depending on the cross-covariance §i,j in
(22) and (23) represents an explicit explanation for the
inconsistency of the naïve fusion architecture.

5.2. Simulative Analysis of DKFnaïve

In addition to validating the theoretical analysis of
the DKFnaïve, the following simulative study shall pro-
vide some quantitative numbers for its performance
degradation and its inconsistency in typical tracking sce-
narios. In contrast to [10], the study not only covers a

Fig. 1. Comparison between true and estimated MSE of DKF and
DKFnaïve (qNCV = 0:01m

2=(s3), Ts = 1 s, ¾v = 1 m).

nearly constant velocity but also a nearly constant accel-
eration model for the target dynamics. The results lead
to a generalization of the target maneuvering index [3],
which is commonly used as the decisive parameter for
describing the performance of a Kalman filter. For sim-
plicity the comparison is restricted to the steady state.

5.2.1. Nearly Constant Velocity
First, N = 2 sensors track a target whose one-

dimensional dynamics can be described by the follow-
ing Nearly Constant Velocity (NCV) model [3]·

x(k+1)

_x(k+1)

¸
=
·
1 Ts

0 1

¸·
x(k)

_x(k)

¸
+wNCV(k) (24)

where the process noise is given by

wNCV(k) =
Z Ts

0

·
Ts¡ t
1

¸
uNCV(kTs+ t)dt (25)

and uNCV(t) is zero-mean continuous random noise with
power spectral density qNCV, leading to the following
process noise covariance matrix

QNCV =
· 1
3T

3
s

1
2T

2
s

1
2T

2
s Ts

¸
qNCV: (26)

The measurements yi(k) are the position in Cartesian
coordinates

yi(k) = x(k)+ vi(k), i= 1,2 (27)

with variances ¾2v,i.
Fig. 1 presents the comparison between the true and

estimated Mean Square Error (MSE)

MSE¼ Ef(x̂¤(k j k)¡ x(k))2g (28)

of the position component in x̂DKF(k j k) of (7) and
x̂naïve(k j k) of (14) for a typical example, where qNCV =
0:01m2=(s3), Ts = 1 s and ¾v = 1 m. The “true” MSEs
are thereby averaged on 5000 Monte Carlo runs. In
accordance with (18), it can be seen how the DKF
slightly outperforms the DKFnaïve by approximately 4%.
Furthermore, the DKF estimates its accuracy correctly
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Fig. 2. Comparison between MSEnaïve and MSEDKF as a function
of the process noise qNCV (¾v = 1 m).

Fig. 3. Comparison between MSEnaïve and MSEDKF normalized by
¾2v as a function of the process noise qNCV (Ts = 1 s).

whereas the DKFnaïve produces estimates of its MSE that
are about 16% more accurate (smaller) as compared to
the DKFm even though its true MSE is slightly worse.
Fig. 2 displays the true MSEs of DKF and DKFnaïve

averaged over time as a function of the process noise
qNCV for three different sampling periods Ts = 0:1 s, 1 s,
10 s and a measurement noise ¾v = 1 m. Fig. 3 shows the
corresponding comparison for varying ¾v = 0:1 m, 1 m,
10 m and Ts = 1 s. To allow for a comparison, the MSEs
are normalized by ¾2v this time. For every point on each
line, 1000 Monte Carlo runs with 400 measurements
per simulation were performed. To obtain an estimate
of the steady state performance, the averages are only
based on the last 200 measurements.
For high values of qNCV, the curves in both figures

approach the variance of the combined measurements
¾2v,comb = ¾

2
v,1¾

2
v,2=(¾

2
v,1 +¾

2
v,2) = 0:5¾

2
v . For low values of

qNCV, they should approach zero as KFs are able to esti-
mate the position arbitrarily precisely if no process noise
is present and if a sufficient number of observations is
available. Due to a finite number of observations, this
is not the case here.
In both Figs. 2 and 3, changing the parameter merely

results in a shift of the corresponding curves. Their
shape is not affected. If Ts is increased by a factor of
10, qNCV needs to be decreased by a factor of 1000
to obtain the same results. On the other hand, if ¾v is

Fig. 4. Relative difference ¢1 between MSEnaïve and MSEDKF as a
function of the target maneuvering index ¹NCV.

increased by a factor of 10, qNCV needs to be increased
by a factor of 100.
Therefore, using the target maneuvering index [3]

¹NCV :=

s
qNCVT

3
s

¾2v
(29)

as independent variable leads to an invariance against a
variation in the sampling period Ts and the measurement
noise ¾v. This can be seen in Fig. 4, which shows the
relative difference2

¢1 =
MSEnaïve¡MSEDKF

MSEDKF

!´ P
(1,1)
true ¡P(1,1)DKF

P(1,1)DKF

(30)

between the six corresponding dashed and solid curve
pairs in Figs. 2 and 3. The identity with the right-hand
side follows from the definition of Ptrue in (23) and the
fact that the DKF estimates its accuracy correctly. This
analytical prediction of ¢1 is represented by the bold
line.
For large values of ¹NCV, the different curves all

approach zero. This can be explained by the predicted
states x̂i(k j k¡1) being not only correlated but also un-
reliable in this case. As large values of ¹NCV also imply
a large process noise q, the predicted states are given al-
most no weight compared with the measurements yi(k)
in calculating x̂i(k j k) in the LKFs. Note that the Kalman
filters are of little use in this case.
For small values of ¹NCV, (23) predicts ¢1 to ap-

proach 5.1% asymptotically, whereas the simulations
show ¢1 to approach zero. This significant difference
can be explained by the analytical curve predicting the
steady state behavior, whereas the steady state is never
reached during the simulations for such small values of
¹NCV. As described by (21) and as depicted in Fig. 5, the
cross-covariance §i,j(k j k) between the local estimates
rises only slowly for low values of ¹NCV. Therefore, the
estimates x̂DKF(k j k) and x̂naïve(k j k) are quasi identical
and ¢1 equals zero during the initialization phase.

2“f!g over f´,=,<,>g” means “shall be” or “needs to be.” Fur-
thermore, the superscript (1,1) denotes the upper-left element of the
matrix.
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Fig. 5. Time dependency of the normalized cross-covariance
between the local position estimates.

Fig. 6. Relative difference ¢1 between MSEnaïve and MSEDKF as a
function of the target maneuvering index ¹.

5.2.2. Nearly Constant Acceleration
In this section, the previous analysis is extended to a

Nearly Constant Acceleration (NCA) model being used
for the target dynamics, i.e.,264x(k+1)_x(k+1)

ẍ(k+1)

375=
2641 Ts

1
2T

2
s

0 1 Ts

0 0 1

375
264x(k)_x(k)

ẍ(k)

375+wNCA(k)
(31)

where the process noise is given by

wNCA(k) =
Z Ts

0

264
1
2 (Ts¡ t)2
Ts¡ t
1

375uNCA(kTs+ t)dt (32)

and uNCA(t) is a zero-mean continuous random noise
signal with power spectral density qNCA, leading to the
following process noise covariance matrix

QNCA =

264
1
20T

5
s

1
8T

4
s

1
6T

3
s

1
8T

4
s

1
3T

3
s

1
2T

2
s

1
6T

3
s

1
2T

2
s Ts

375qNCA: (33)

Fig. 6 shows the relative difference ¢1 between
the true MSEs of the DKFnaïve and the DKF for the
NCV and the NCA model. For the latter, the target

Fig. 7. Relative difference ¢1 between MSEnaïve and MSEDKF as a
function of the weighting ratio ´.

maneuvering index is defined as [3]

¹NCA :=

s
qNCAT

5
s

¾2v
: (34)

Like in the nearly constant velocity case, the curves are
invariant against a variation in Ts and ¾v. On the other
hand, the curves for the two different target models
clearly do not match.
A comparison between the definitions of the target

maneuvering indices in (29) and (34) and the respec-
tive process noise covariance matrices in (26) and (33)
reveals that ¹2 is proportional to the ratio Q(1,1)=¾2v be-
tween the variance of the predicted position estimate
due to the process noise and the variance of the measure-
ment. Therefore, ¹ is an indicator for how much weight
is given to the measurement and the predicted estimate
during the track update in the LKFs, respectively (see
(5) with N = 1).
On the other hand, as described in (4), the accuracy

of the prediction in the LKFs does not only depend on
the covariance of the process noise Q but also on the
state transition matrix F and the inaccuracy of the last
estimate P(k¡ 1 j k¡ 1). The correct ratio

´ :=
P(1,1)LKF, pred

¾2v
(35)

between the weight given to the measurement and the
weight given to the predicted position estimate can be
taken from the simulations. For the case of a NCV and a
NCA model, it can, however, also be calculated for the
steady state by numerically solving a system of non-
linear equations (as detailed in the Appendix).
The resulting curves for the relative difference¢1 as

a function of ´ are displayed in Fig. 7, where the bold
lines again present the analytical predictions. This time
the curves for the NCV and the NCA model show the
same progression. Only the maximum degradation for
the NCA model of around 4% is lower than the 5.1%
for the NCV model, as also predicted by the theory.
This can be explained by the same weighting ratio ´
being reached for a smaller process noise q for the NCA
model. As the common process noise is responsible
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Fig. 8. Relative difference ¢2 between true and estimated MSE of
DKFnaïve as a function of the weighting ratio ´.

Fig. 9. Relative difference ¢3 between MSEDKFm and MSEDKF as
a function of the the update rate m for the nearly constant velocity

model (Ts = 1 s, ¾v = 1 m).

for the correlation between the local estimates, the
correlation is also lower for the NCA model.
Note that for small values of ´ even the analytical

prediction fails for the NCA model. This is due to the
numerical solution of the system of non-linear equa-
tions, which is needed to determine the steady state per-
formance of the KFs, reaching its limits for such small
values. Simulations with 10000 measurements indicate
that ¢1 stays at its maximum also in the NCA case.
KFs do not only produce state estimates x̂ but also

calculate an accuracy of these estimates in form of the
error covariance matrix P. As stated earlier, the DKF
estimates its accuracy correctly whereas the DKFnaïve,
although performing slightly worse, estimates its accu-
racy even better than that of the DKF.
Fig. 8 shows this difference

¢2 =
MSEnaïve¡MSEestimated

MSEestimated

!´ P
(1,1)
true ¡P(1,1)naïve

P(1,1)naïve

(36)

between the true and estimated MSE of the DKFnaïve
as a function of the weighting ratio ´. It can be seen
how this difference ¢2 can again be predicted very
precisely by (23). The shape of these curves is very
similar to those in Fig. 7 for the difference between the
true MSE of the DKFnaïve and the DKF. The maxima
are, however, a lot higher at 16% and 25%, respectively.
This significant overestimation of its own performance

Fig. 10. Relative difference ¢3 between MSEDKFm and MSEDKF as
a function of the the update rate m for the nearly constant

acceleration model (Ts = 1 s, ¾v = 1 m).

Fig. 11. Time dependency of the normalized cross-covariance
between the local position estimates.

in the DKFnaïve can lead to severe stability problems if
the estimates are propagated to other fusion nodes in
the system or even fed back to the local estimators.

5.3. Performance Analysis of DKFm

As already stated, the DKFnaïve presents an upper
bound on the performance degradation for a reduction
in communication rate. Its performance is equivalent
to a hypothetical system where infinite intervals lie
between two communication cycles, i.e., m!1. In this
section, the performance degradation is examined for
realistic reductions in communication rate m¿1 using
the DKFm of (12) and (13).
To this end, Figs. 9 and 10 show the relative differ-

ence

¢3 =
MSEDKFm ¡MSEDKF

MSEDKF
(37)

between the MSE of the position component in the state
estimate x̂DKFm(k j k) of (12) and x̂DKF(k j k) of (7) as
a function of the update rate m for the nearly constant
velocity (NCV) and nearly constant acceleration (NCA)
model, respectively. The sampling period was set to Ts =
1 s and the measurement noises to ¾v = 1 m. This time
10000 Monte Carlo runs were performed on simulations
with 400 measurements.
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In both figures, it can be seen that the maximum dif-
ference of the DKFnaïve (see Fig. 7) is not reached in the
shown interval 1·m· 20 even for large values of ´ and
that ¢3 remains almost zero for small values of ´. The
latter is due to the state vector x(k) changing only slowly
in such scenarios. Therefore, the term XDKFm(k j k¡m)
of (17), which corrects for the statistical dependence be-
tween x̂1(k j k) and x̂2(k j k) in the DKFm, stays longer
an accurate estimate of the true term XDKF(k j k¡ 1) of
(16) in the DKF.
A comparison between the curves for the NCV and

the NCA model shows that those for the NCA model
are significantly lower. This can be explained by the
maximal degradation being lower, as indicated in Fig. 7,
and the maximum cross-covariance also being reached
more slowly, as indicated in Fig. 11. The reason for
this is again that a smaller process noise q is needed
for the same weighting ratio ´ in the NCA case, and
the common process noise being responsible for the
correlation between the local estimates.
As a result, it can be concluded that, even for the

worst case of ´ 2 [1,10] and the NCV model, the com-
munication rate between the LKFs and the FC can be
reduced by at least a factor m= 8 without introducing an
additional error of more than 1%. For sensors producing
measurements at high rates, the error due to infrequent
communication is typically even smaller as the short
sampling period Ts results in a small target maneuver-
ing index ¹ and, thus, a small weighting ratio ´. Exactly
in these scenarios, a reduction in communication rate is
most likely to be desirable.

6. CONSERVATIVE FUSION APPROACH

Sophisticated approaches for distributed tracking
systems exist that are specifically designed to be robust
against unmodeled correlations, like e.g., the covariance
intersection method [15] or the bounded covariance in-
flation method [25]. On the other hand, the results of
the last section give rise to a conservative, but simple
alternative fusion approach for a reduction in commu-
nication rate.
Combining the results of Section 5 with (18) it can

be seen that PDKFm(k j k) is a slightly too optimistic
and EfX̃naïve(k j k)X̃naïve(k j k)Tg a slightly too conser-
vative estimate of the true accuracy EfX̃DKFm(k j k)
X̃DKFm(k j k)Tg of the DKFm in (12) and (13). As

EfX̃naïve(k j k)X̃naïve(k j k)Tg is equivalent to Ptrue(k j k),
it can be determined using (22) and (23). Therefore, the
DKFm of (12) and (13) can be used without alteration
for the estimation of x̂DKFm(k j k), i.e., PDKFm(k j k) is still
used during the recursive estimation. To obtain a con-
servative estimate, PDKFm(k j k) is then simply replaced
by Ptrue(k j k).
The computation of Ptrue(k j k) in (22) and (23), how-

ever, requires the knowledge of §i,j(k j k) in (21) and,

thus, of Ki(k), for all i and k. In the studied case with
a time-invariant state-space representation of the track-
ing system, the Ki(k) can simply be (pre-)computed at
the FC as they do not depend on the actually observed
measurements [3]. In many real-world scenarios, this
condition is, however, likely to be violated, like e.g.,
for a maneuvering target or if the measurement accuracy
depends on the distance from the sensor to the target.
In this case, the FC may determine the gain sequence at
least approximately, in particular if additional informa-
tion is provided by the LKFs. As (21) is not restricted
to the Ki(k) being the Kalman gains, a predictable se-
quence of suboptimal filter gains may also be used.
Finally, if the calculation of Ptrue(k j k) for every

time step k shall be avoided, an even more conservative
approximation consists in determining the maximum
difference ¢Pmax between Ptrue(k j k) and Pnaïve(k j k),
and adding this difference to PDKFm(k j k), i.e.,

Pc(k j k) = PDKFm(k j k) +¢Pmax: (38)

The difference between Ptrue(k j k) and Pnaïve(k j k) is the
term depending on the cross-covariance §i,j(k j k) be-
tween the local estimates in (22) and (23). As the cross-
covariance builds up slowly, this term is maximum for
the steady state, i.e.,

¢Pmax = Ptrue(1 j1)¡Pnaïve(1 j1): (39)

As the Kalman gains Ki(1) are constant, (21) turns into
a simple system of linear equations. Consequently, if the
Ki(1) can be determined (like e.g., for the NCV and the
NCA model), this is also true for §i,j(1 j1) and, thus,
¢Pmax.

7. CONCLUSIONS

If the communication rate between the Local Kalman
Filters (LKFs) and the Fusion Center (FC) needs to be
reduced to save communication bandwidth, the perfor-
mance of the fusion process degrades as the information
provided by the different sensors becomes correlated
due to propagating the same underlying process noise.
A simulative study is performed for a simple system
with two local sensors, which are both able to measure
the position of the target. It is shown that the ratio ´
between the weight given to the measurement and the
weight given to the predicted position estimate during
the track update in the LKFs is more useful in describ-
ing the performance degradation than the target maneu-
vering index. Furthermore, it is found that, even for the
worst case of ´ 2 [1,10] and the nearly constant velocity
model, the communication rate between the LKFs and
the FC can be reduced by at least a factor of 8 without
introducing an additional error of more than 1%.
Furthermore, a simple formula for the performance

degradation in the worst case of ignoring the correlation
due to such a reduction in communication rate com-
pletely is derived. As its evaluation is straightforward
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compared with the solution of the asymmetric Lyapunov
equation for the general case, it can be used for a con-
servative fusion architecture where the slightly too op-
timistic state estimates due to such a reduction in com-
munication rate are replaced by slightly too conservative
ones.

APPENDIX

In the steady state, the Kalman filter simplifies to

x̂(k j k) = Fx̂(k¡ 1 j k¡ 1)+K(y(k)¡Hix̂(k j k¡ 1))
(40)

with a constant Kalman gain K. If, as in our case, only
the position of the object is measured in 1D,Ki becomes
a vector

KNCV =:
μ
®

¯=Ts

¶
and KNCA =:

0B@ ®

¯=Ts

°=T2s

1CA
(41)

in the nearly constant velocity (NCV) and nearly con-
stant acceleration (NCA) case, respectively. Accord-
ingly, the filters are denoted optimal ®-¯- and ®-¯-°-
filter [3]. It can easily be shown [26] that

´ :=
P(1,1)pred

¾2v
=

®

1¡®: (42)

The corresponding formulas to calculate ® and ¯ for
a NCV model excited by discretized continuous-time
white process noise can be found in [3]:

®=

r
2¯+

¯2

12
¡ ¯
2

(43)

¯2

1¡® =
qNCVT

3
s

¾2v
=: ¹2NCV: (44)

The following equations for ®, ¯ and ° for a NCA
model being excited by a discretized continuous-time
white process noise can be obtained using the same
approach:

¯2 = 2®° (45)

°2

120®2
¡ °

2®
+
4°
®¯
¡ 2°
¯
= 1 (46)

°2

1¡® =
qNCAT

5
s

¾2v
=: ¹2NCA:

(47)
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